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We p r e s e n t  a method for  t r a n s f o r m i n g  a s y s t e m  of di f ferent ia l  equations of hea t  and m a s s  t r a n s f e r  
in a reg ion  with a va r i ab l e  boundary  into an equivalent  s y s t e m  of equations fo r  a region with a 
fixed boundary.  

The t r a n s p o r t  s y s t e m  of d i f ferent ia l  equat ions ,  together  with i ts  boundary condit ions,  r e p r e s e n t s  in ana -  
�9 lyrical  f o r m  the bas ic  f ea tu re s  of the phenomena studied.  

Solutions of the s y s t e m  enable  us to obtain a p ic ture  of the dis t r ibut ion of t r a n s f e r  potent ia ls  in a body or  
s y s t e m  of bodies ,  to follow the va r i a t ion  of the f ie lds  of these  potent ia ls  with t ime ,  and, based  on th i s ,  to give 
a detai led ana lys i s  of the k inet ics  and the dynamics  of the p r o c e s s  involved. 

A d imens ion le s s  m a t h e m a t i c a l  model  of hea t  and m a s s  t r a n s f e r  is of the f o r m  

aT (x, Fo) _ 02"/' (x, Fo) ~_ F__y__ aT (x, Fo) Ko* a0 (x, Fo) 
0 Fo ax ~, x ax 0 Fo 

(1) 

Analyt ica l  solut ions of this s y s t e m  a re  p r e s e n t e d  in cons iderable  detai l  in [1]. The hea t -  and m a s s - t r a n s -  
f e r  p r o b l e m s  t r e a t ed  in [1] involved bodies  whose d imens ions  s tayed the same  as the p r o c e s s  proceeded.  

Bes ides  these  p r o b l e m s  the re  a r e  a number  of engineer ing  p r o b l e m s  of heat  and m a s s  t r a n s f e r  in which 
the d imens ions  of the bodies  va ry .  Thus ,  in the p r o c e s s  of dry ing ,  a change is obse rved  in the l inear  d imen-  
sions of a body,  where in ,  subject  to sma l l  gradients  in m o i s t u r e  content and t e m p e r a t u r e ,  there  is a shr inkage 
of the m a t e r i a l  in accordance  with a l i nea r  behav ior ;  in m o r e  r ig id  drying modes ,  however ,  l a rge  gradients  of 
mo i s tu r e  content  and t e m p e r a t u r e  a r i s e  in a m a t e r i a l  and the resu l t ing  shr inkage follows a much m o r e  involved 

nonl inear  var ia t ion .  

The re  a re  a lso  hea t -conduct ion  p r o b l e m s  in which it  is n e c e s s a r y  to account  for  the change in the l inea r  
d imens ions  of a body. Thus ,  t he re  a re  p r o b l e m s  involving a phase  t r ans i t ion ,  i .e . ,  p r o b l e m s  involving moving 
boundar ies ,  fo r  example ,  Stefan p r o b l e m s .  

We p r e s e n t  h e r e  a method for  solving a s y s t e m  of d i f ferent ia l  equations of hea t  and m a s s  t r a n s f e r  with 

expanding or  cont rac t ing  boundar ies .  

In the s y s t e m  (1) le t  xE [R(Fo), ~) ,  where  R(Fo) is a known function which defines the way the sur face  is 
being displaced;  we a s s um e  this function to be continuous and to have continuous f i r s t  and second der iva t ives .  
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As was shown in [3], the sys tem (1) can be reduced to a sys tem of two equations,  s imiIar  in form to the t he rma l -  
conductivity equation for  a combination function Zi: 

OZ~ 1 ( O~Zi F OZ i '~ 
aFo ~ - - \  ax ~ + x ox l '  (2) 

where Z i = miT(x,  Fo) + ni0(x, Fo)(i = 1, 2), and the numbers  gi are  obtained f rom the express ions  

,[( i) 1/( + ;  4] l+PnKo* ~ Ly +(--1) t  1-kPnKo*q- - -  L~-- " 

The dimensionless  numbers  m i and n i will be completely defined if we put n i = 1, since 

m, Pn 
ni ~ --1 " 

We can apply Gr inberg ' s  method (see [2]) to the equations of the sys tem (2). 

We put y = x /R(Fo) ,  where yE [1, ~o). This t ransformat ion  t r ans fo rms  the varying domain ~ (Fo), oo) to 
the fixed domain [1, ~o). The sys tem (2) then assumes  the form 

1 [ 02Z~ I' OZ~ 1 OZ i OZ~ /~Y + 2------~- + ' (3) 
- -  P'i R Oy O Fo Oy R L oy ~ y ] 

where R = R(Fo), I~ = dR(Fo)/dFo.  By making the substitution 

Z i (y, Fo)  = ql (Y, Fo) .  V i (y, Fo) 

we go f rom the sys tem of equations (3), containing the derivative of the unknown function with a coefficient de-  
pending on the t ime and a coordinate,  to equations in the new functions Vi(Y , Fo) not containing this te rm.  Af-  
ter  a substitution and some simplifications (see [2]), we obtain 

1 02Vi r ovi ] ~ 2 [ ~y~ Y t~ R 3p, R~ aV~ 
~ + + v, = , (4) y Oy 4 

l - .~P 2 2 

q , = R - - 7 - e x p ( _  y ~ i R R ) 4  " (5) 

The equations appearing in the system (4) can be solved in the case when R3i~ = const ,  i .e. ,  when the mo-  
tion of the boundary follows the law 

R (Fo) : V'M Fo ~ + N Fo + P , (6) 

where M, N, and P are  constants.  

Consequently,  the corresponding boundary-value problem for the initial sys tem (1) may be solved for 
domains of this fo rm but with dimensions vary ing  in accordance with the law indicated. In par t icu la r ,  ff R3i~ = 
0, i .e . ,  if the boundary of the domain moves in accordance  with the l inear  law 

R (Fo) = A Fo § B, (7) 

where A and B are constants ,  we obtain the sys tem 

Oy 2 y Oy 0 Fo 

The express ions  (8) and (4) are  s imi la r  to the thermal-conduct iv i ty  equation in whiehthe eoeffficient of therma!  
conductivity is t ime dependent. 

Through the substitution dT= dFo/R2(Fo) such equations may,  as is well known, be reduced to the the rmal -  
conductivity equation with a constant coefficient of the rma l  conductivity, solution methods for  which are  known. 

Transformat ion  of Eqs. (1) and (2) for the case in which xfi[0, 1R(Fo)] again leads to the sys tem (3) for the 
domain yE [0, 1]. The subsequent considerat ions apply then to this case also. 
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The laws desc r ib ing  the mot ion of the domain boundary ,  given by the r e l a t ions  (6) and (7), e n c o m p a s s  
a suff icient ly b road  col lect ion of engineer ing  h e a t -  and m a s s - t r a n s f e r  p rob lems .  

I t  should be r e m a r k e d  that  we can a lso  apply the method in quest ion to the s y s t e m  (1), where in  the l a ~ e r  
is augmented  by hea t  and m a t t e r  sou rces ;  we can also apply it to a s y s t e m  containing, not two, but n t r a n s f e r  
potent ia ls .  

N O T A T I O N  

T 
0 
Fo 
Ko, Ly,  Pn 
Ko* = eKo, 
F = 0, 1, 2 

is the t e m p e r a t u r e ;  
is  the m o i s t u r e  content; 
is the F o u r i e r  number ;  
a r e  the Kossov ich ,  Lykov,  and Posnov number s ,  r espec t ive ly ;  
where  e is  the f ac to r  of phase  t rans i t ion  of a liquid into a vapor ;  
f o r  a p la te ,  cy l inder ,  and sphere ,  r e spec t ive ly .  
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A method is p roposed  for  computing the t e m p e r a t u r e  and posi t ion of the phase  in ter face  based 
on the p a s s a g e  to new v a r i a b l e s  and a new function. The t r an s fo rma t ion  is invar iant  re la t ive  to 
the hea t -conduct ion  equat ion,  and the boundar ies  in the new v a r i a b l e s  a re  fixed. 

A whole s e r i e s  of p a p e r s  on the Stefan p rob l em ex is t ,  which a re  su rveyed  sufficiently complete ly  in [1], 
and where in  a g rea t  deal  of or iginal  m a t e r i a l  a s soc ia t ed  with the proof  of the uniqueness and exis tence of the 
solution is also genera l ized.  Numer i ca l  s c h e m e s  fo r  the solution a re  p roposed  in [2]. Significant attention is 
paid the re  to the m a t h e m a t i c a l  a spec t  of  the quest ion,  but no r e su l t s  a re  p re sen ted  of p rac t i ca l  t e s t s  o r  of c o m -  
putat ions.  V. G. Melamed  [3] a lso  gave a numer i ca l  solut ion,  r ea l i zed  in applicat ion to the case  of f reez ing  
soils .  Fundamenta l  r e s u l t s  of a cycle  of the au tho r ' s  work  a r e  p resen ted  in [3]. An analogous p rob lem in 
t e r m s  of phys ica l  content ,  but taking account  of snow and the influence of the a t m o s p h e r e ,  is considered in [4]. 
Le t  us  note that  the na ture  of the method of solution to be used  is de te rmined  by the spec i f ics  of some  definite 
p r o b l e m  to be  solved,  which is a p a r t i c u l a r  ca se  of the genera l  Stefan p rob lem.  The p r e s e n t  paper ,  which is 
or iented  toward the hydrome teo ro logy  a r e a  f r o m  the viewpoint of p r ac t i ca l  applicat ions,  i s  organized  in a 

s i m i l a r  plan.  

We fo rmula te  the p rob l em  below. Let  us examine  the one-d imens iona l  case .  Between two f ixed  planes 
z = 0 and z = H at a t ime  t = 0 le t  t he re  be n a l t e rna t ing  l a y e r s  of m a t e r i a l  in the liquid or  solid aggregate  s tate  
with the moving in te r faces  z = hm(t) (m = 1, 2 . . . . .  n - 1 ) ,  where  phase  t rans i t ion  occurs .  Le t  one l aye r  of 
another  m a t e r i a l w h o s e  ou te r  boundary  moves  according  to the known law z = - l  (t) a lso  adjoin the su r face  z = 0. The 
initial  t e m p e r a t u r e  dis t r ibut ion is given in the whole domain T~ Let  us consider  the t e m p e r a t u r e  a known 
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